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Abstract 

We provide an alternative description of the restriction to spherical unipo- 
tent conjugacy classes, of Lusztig's map ^ from the set of unipotent conju- 
gacy classes in a connected reductive algebraic group to the set of conjugacy 
classes of its Weyl group. For irreducible root systems, we analyze the im- 
age of this restricted map and we prove that a conjugacy class in a finite Weyl 
group has a unique maximal length element if and only if it has a maximum. 

MSC:20G15 (Linear algebraic groups over arbitrary fields); 20E45 (conjugacy 
classes); 20F55(refiection groups and Coxeter groups) 



1 Introduction 

In f23\. Springer has shown how to associate to a unipotent conjugacy class of a 
connected reductive algebraic group G over an algebraically closed field k some 
irreducible representations of the associated Weyl group W. This lead Kazhdan 
and Lusztig to the definition, in []T4l|. of a conjecturally injective map from the 
set G of unipotent conjugacy classes of G to the set W_ of conjugacy classes of 
W, for A; = C. This map is not easily computable but Lusztig has very recently 
introduced in ifTTl [TSl a new, more computable, surjective map </> defined in all 
characteristics, from W_ to G, and a right inverse ^ which conjecturally coincides 
with the Kazhdan-Lusztig map over the complex numbers. The map (p is defined 
by assigning to a conjugacy class G inW a minimal unipotent conjugacy class in 



1 



G, with respect to Zariski closure, having non-empty intersection with the Bruhat 
double coset corresponding to a minimal length element in C. It is a non-trivial 
result that this construction works. The proof of this important property is split 
into a proof for classical groups and one, based on a computer calculation, for 
exceptional ones. The right inverse is defined by taking, for a given unipotent 
class 7 in G, the unique class C mW m the fiber of 7 through for which the 
dimension of the fixed point space oiw E C in the geometric representation of W 
is minimal. Also in this case, the fact that this procedure actually works is a deep 
result. 

The aim of this note is to give a different and direct combinatorial description 
of the restriction to spherical unipotent conjugacy classes of the map We recall 
that a conjugacy class C in G is called spherical if a Borel subgroup B of G has a 
dense orbit in C. This new description is made possible by several recent results 
showing how the relation between spherical conjugacy classes and the Bruhat de- 
composition can be made very explicit. It has been shown in |l2l |3l IH [161 that 
spherical (unipotent) classes may be characterized by means of a dimension for- 
mula involving the maximal Weyl group element w for which BwB meets a class. 
More precisely, let us define, for 7 in G, the element e W as the unique ele- 
ment in W for which Bw^B fl 7 is Zariski dense in 7. Then, 7 is spherical if and 
only if dim 7 = (.{w^) + rk(l — w^), where ^ is the length function on W and 
rk is the rank of the operator in the geometric representation oiW . In addition, 
spherical conjugacy classes in good, odd characteristic are also characterized as 
those classes intersecting only Bruhat double cosets corresponding to involutions 
(1|3,4J). Combining all these properties with the analysis of the elements in ^ 
leads us to the proof of our main result: 

Theorem Le? 7 be a spherical unipotent conjugacy class. Then, \l/(7) = W ■ w^. 

We also give some results on the map l: G—^ W_ defined by ^(7) = W ■ w^. 

This map can be defined on the set of all conjugacy classes in G. It was 
observed in [|71 Remark 3] that the image of the set of all conjugacy classes and of 
the set of all spherical conjugacy classes through this map, in characteristic zero 
or good and odd characteristic, is the set of classes in W_ having a unique 
maximal length element. We analyze the image of the restriction of l to the set 
G_gph of spherical unipotent conjugacy classes. A case-by-case analysis allows us 
to conclude that 

Proposition For every irreducible root system there always exists a p such that in 
characteristic p we have L{G^ph) = W^. 
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It is worthwhile to mention that the element w^, for spherical classes, controls 
the G-module structure of the ring of regular functions C[7]. Indeed, this module 
is multiplicity-free by [26] and it has been observed in [2] that the weights A 
occurring in the decomposition of €[7] all satisfy the equality = —A and 
that the rank of the lattice generated by these weights is rk(l — t;;^). The precise 
G-module decomposition of €[7] has been given in |[8l. 

We conclude the paper by proving that 

Theorem The set coincides with the set of classes in W_ having maximum 
element with respect to the Bruhat order. 

This result holds for arbitrary finite Coxeter groups (see Remark l2.16l) . 

2 Notation 

Throughout this paper G is a semisimple algebraic group over an algebraically 
closed field k. Let T be a maximal torus of G, and let $ be the associated root 
system. Let i? D T be a Borel subgroup, let A = {ai, . . . , a„} be the basis of 
$ relative to (T, B). The Weyl group is denoted hy W = N(T)/T, the symbol 
W will indicate the set of its conjugacy classes, and W^^,^, will indicate the set of 
conjugacy classes of involutions in W, that is, the set of classes of those elements 
w e W such that w"^ = 1. The symbol G will stand for the set of unipotent 
conjugacy classes and G^p^ will denote the set of spherical unipotent ones. We 
recall that a conjugacy class 7 in G is called spherical if B has a Zariski dense 
orbit in 7. 

For any G & W_Vi/e define Gmm to be the subset of G consisting of elements 
of minimal length. For w E W we define = {7 G G | 7 fl BwB ^ 0}. 

For 7 G G we define = {w e W \ j H BwB 7^ 0}. It is clear that 
is always not empty. It is also true that T.^ is always not empty because 
BwB nB- for every w eW ([HI §A2]). 

As usual, wq denotes the longest element in W and, for S C A, we shall de- 
note by ws the longest element in the parabolic subgroup Wy: of W generated by 
simple reflections indexed by elements in S. The root subsystem of $ generated 
by the roots in S will be denoted by $2- 

Let 0: W£ — > G be the map introduced in |[T7l . It is defined as follows: let 
G E W_ and let w E Gmin- The image of G through (p is the unique 7 G G such 
that 7 G and such that every 'y' E G lying in contains 7 in its closure. By 
|[T7l Theorem 0.4] the map (p is surjective. 
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If 7 G G and C E (p ^(7) then 7 G for some w G Cmin- It follows from 
[fT2l 8.2.6(b)] and [El 1.2(a)], or alternatively from ||71 Prop. 2.9(2)] the proof of 
which is characteristic-free, that if 7 G for w G Cmin then 7 G for every 
a G Cmin- For 7 a spherical unipotent conjugacy class the set W.y has a particular 
structure. We recall the facts we will need. 

Theorem 2.1 (f3)^]) Let j be a spherical conjugacy class, and let 7 fl BwB be 
non-empty. Assume in addition that 7 is unipotent ifch.a.T{k) = 2. Then, w is an 
involution. 

Proof. If char(A;) is zero or good and odd this is [|3l Theorem 2.7]. The same proof 
holds as long as char(A;) 7^ 2. For char^k) = 2, let u be an element of 7 fl BwB. 
From the classification of spherical unipotent conjugacy classes it follows that u is 
an involution, see |9l Theorem 3.18]. Thus, u = u^^ G Bw^^B fl BwB, forcing 
w = w~^. □ 

So, (t>^^iGgph) ^ W.inv i^^y wish to see whether G^^^ can be character- 
ized as the image of a suitable subset of W_inv 

The statement of the Lemma below was communicated to the first named au- 
thor by Kei-Yuen Chan. 

Lemma 2.2 Let char(fc) 7^ 2. Let 'j be a (not necessarily unipotent) spherical 
conjugacy class and let 7 fl BwB 7^ for some w E C and C G W_. Then 
7 n BaB 7^ 0/or every a E C. The same conclusion holds for char(/c) = 2 z/7 
is a spherical unipotent conjugacy class. 

Proof. Let cr = Sj, ■ ■ ■ Si^wSi-^ ■ ■ ■ Sj, with r = Sj^ • ■ ■ Sj^ of minimal length / such 
that a = TWT~^. Let us put aj = Si. ■ ■ ■ Si-^^wsi^ ■ ■ ■ Si. for j = 0, . . . /, so that 
ao = w and ai = a. We shall prove by induction on j that 7 fl BajB 7^ for 
every j G {0, . . . , /}. The basis of the induction is our assumption. Assume 
7 n BajB 7^ for a given j. Then, there is also x G Baj fl 7. Let be a lift 
of Si^^j in iV(T). We have 

^i,+iXK^+^ e Si^^.BajSi^^^ C B(jj+iB U BajSi^^.B. 

By Theorem 12.11 the class 7 intersects only cells corresponding to involutions. 
Hence, w and aj are involutions. On the other hand, o'jSi._^_-^ is an involution if and 
only if cTj and Sj^^^ commute, but this would contradict minimality of the length of 
r. Thus, 7 n BojSi^^^B = 0, and we necessarily have Si^^^xs^^^^^ G Baj^iB fl 7, 
yielding the statement. □ 
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Let 7 be any conjugacy class in G. We shall denote by w-y the unique element 
in W for which BwyBH'y is dense in 7, and hy = W ■ Wy, the conjugacy class 
of Wy in W. Let us denote by the set of classes in W_ containing a unique 
maximal length element. We recall some basic facts. 

Theorem 2.3 f/[Zl/j- Let ■y be a conjugacy class in G and let and he as 
above. Then 

1. lies in W ^ and is its maximal length element; 

2. W C ly. • 

3. If char {k) is either or good and odd, then for every C G there is a 
spherical conjugacy class 7 such that C = C^. 

Proof. Statement 1 . is Corollary 2. 1 1 in loc. cit. , the proof of which is characteristic- 
free. Statement 2. follows from the fact that any w is conjugate to ([|6l Theo- 
rem C]). Statement 3. is observed in Remark 3 in loc. cit. □ 

We will also make use of the following result 

Theorem 2.4 f/El lil |9] [731/ ] Let •y be a unipotent conjugacy class, let be as 
above, and let w ^ W. 

1. Ify G then dim 7 > i{w) + rk(l — w); 

2. dim 7 > £{wy) + rk(l — w-y); 

3. 7 is spherical if and only if dimy = i{wy) + rk(l — w^). 

Proposition 2.5 Let y be a spherical unipotent conjugacy class and let C be as 
above. Then (t){C^) = 7. 

Proof. Let w G (C'^)mj„. We need to show that 7 G and that it is the unique 
minimal element therein. 

By construction 7 lies in S^^ so by Lemma [Z2l it also lies in T.^. It follows 
from fTT, §2.9], [10, Proposition 3.4] and [7, Propositions 2.8, 2.9] that if a G 
and y is a maximal length element in C"', then C S^^. In particular, this holds 
for a = w and y = w^hy Theorem 12.31 (1). 

Let 7' G S^. Then 7' G S^,^ and by part 1 of Theorem 12.41 we have dim 7' > 
i{wy) + rk(l — Wy). However, by Theorem 12. 41 we have dim7 = i(wy) + rk(l — 
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w^) so 7 is minimal in E^^,^, and, a fortiori, in E^. The assertion follows from 
uniqueness of the minimal element in E^„ (see [fTTl ). □ 



The above result can be rephrased by saying that the restriction to G^^^ of the 
map 

i-.G ^^iriv 

7 

is a right inverse for on G_^ph. 

In |[T8l Theorem 0.2] a right inverse \l/ to has been constructed. It is defined 
as follows. For any 7 G G one considers 0^^(7). This set contains a unique 
element Cq for which the dimension dc of the fixed point space of an (thus 
any) element in C is minimal. Then \1'(7) = Cq. We want to compare the maps i 
and ^ on G^p/^. 

It is shown in [|7l Lemma 3.2] that = WqWy: for some E C A such that wj^ 
coincides with on E. Using the same arguments one can prove the following 
result, that we report here for completeness. 

Lemma 2.6 Let j be a spherical unipotent conjugacy class or any spherical con- 
jugacy class z/char(A;) is either or good and odd, and let a G be a maximal 
length element in its conjugacy class C. Then, a = wqWy, for some E C A such 
that wy, coincides with wq on E. 



Proof. Since VF^ consists of involutions we may apply VHi Theorem 1.1 (ii)], 
so a = WqW^ for some EGA. In addition, wq and wj^ necessarily com- 
mute so {—Wo)H = E. Let a G E. We have /3 = wow^a G E C $+ so 
i{woW-£Sa) = ^{wqWy) + 1. Then, by maximality of the length of a in C, we have 
^{saWQWY.Sa) = i{woWs). By [|24l Lemma 3.2] we get a = /3. □ 



Lemma 2.7 Let 11 C A and let w = wqWu be an involution with the property 
that Wq restricted to $n is wu- Then, {—wo)(ir) = U and 

rk(l — Wq) = rk(l — Wn) + rk(l — w). 

Proof. The first statement follows from woWn{oi) = a for every a G H. 
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Let us denote by Em{x) the m-eigenspace of an operator x. Clearly, if x is an 
involution then dim E_i{x) = rk(l — x). It is an immediate exercise in linear al- 
gebra that if X and y are commuting involutions, then dim E^i{x) + dim E^i(y) = 
dimE^i{xy) if and only if E^i{x) (1 E_i{y) = {0}. 

We have 11 C Ei{woWu) = -E'-i(woWn)"'" so, since wn can be written as a 
product of reflections with respect to roots in 11, for every v E E^i^wqWyi) we 
have wii{v) = f . In other words, 

E_^{woWn) n ^_i('«;n) ^ E^{wu) n E_^{wu) = {0} 
whence the second statement. □ 



We are ready to state the main result of this paper. 
Theorem 2.8 Lusztig 's map coincides with t on G^pf^. 

Proof. Let 7 G G^^^. By Lemma [231 we have G 0"^(7), so we only need to 
show that the dimension dc of the fixed point space Ei (w) of an element w G C 
for C G (p^^i'j) is minimal for w G C^. 

Let C be a class in (p^^i^j). Then, every a in C lies in by Lemma [Z2l By 
Theorem 12. 1[ the set is a union of classes in W_inv Moreover, all elements 
in Wj are less than or equal to Wy in the Bruhat ordering, in particular this holds 
for all elements in C. Let z be a maximal length element in C. By Lemma 
z = woWs and Wy = wqWu where S and 11 are subsets of A on which z and w^, 
respectively, act as the identity, and z < w-y, or, equivalently, wn < uij^. Since 
We has a reduced expression as a product of reflections with respect to roots in 
S, the simple reflections occurring in some reduced expression of wu correspond 
to some simple roots in S by [HI Corollary 2.2.3]. By [[Tl Corollary 1.4.8(ii)] 
the set of simple roots occurring in any reduced expression of wu is precisely 11. 
Hence, 11 C S. Moreover, the restriction of to 11 coincides with wu so by 
Lemma 1277] applied to $s we have rk(l — wj^) = rk(l — wnw^,) + rk(l — wu) so 
rk(l — Wu) < Tk{l — ws) . Applying Lemma 1277] once more we see that 

rk(l — Wy) = rk(l — WqWyi) = rk(l — wq) — rk(l — wu) 
> rk(l — Wq) — rk(l — ws) = rk(l — z) 

so rk(l — x) reaches its maximum over </)^^(7) at a; = Wy. Since all elements 
in 0~^(7) are involutions, this gives precisely minimality of dc-i = dimEi{wy). 
Thus, ^(7) = C^. □ 
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Corollary 2.9 The map l is injective on spherical unipotent conjugacy classes. 

Remark 2.10 Except for type Ai, the maps l and \& do not coincide on the full 
set G because ^ is necessarily injective whereas l is not. Indeed, the regular 
unipotent class 7reg intersects every BwB (se [fTSl or the result of Springer in the 
Appendix of ifTOl ). so ii'jreg) = W ■ Wq. On the other hand, there is always a 
spherical unipotent conjugacy class intersecting BwqB. 

An important feature of the maps and \E' is that they are defined in all charac- 
teristic and they satisfy compatibility conditions as follows. For a fixed irreducible 
root system $, let denote a corresponding group in characteristic p and let 0p, 
\['p and Lp denote the corresponding maps 0, ^ and l. If in the sequel reference 
to p is omitted, we shall mean that the statement holds for every p > 0. Let 
us recall that there is a dimension-preserving and order-preserving injective map 
71 : G^ — )■ Gf_ where the order is given by inclusion of Zariski closures ([21 , III, 
5.2],fT8', §3.1]). It is shownin [18, Theorem 0.4(b)] that^o = ^pvrandTr = (pp^o- 
The compatibility behaves well when we restrict to spherical conjugacy classes: 

Proposition 2.11 The map n maps G^gph ^^^^ Q^sph' '^"^ ^fl ^^^^ Q—sph' 

Proof. Let 7 G G^^p^. Then 

7r(7) = 0p^o(7) = 0p^o(7) = 

Let cr be a minimal length element in G'^ . Then, 7r(7) G Scr and, arguing as in the 
proof of Lemma |2.5l since u;^ is the maximal length element, 71(7) G . Thus, 
w-y < W7r(7)- It is not hard to show, by induction on the length of a word in W , 
that if w < r in the Bruhat order, then i{w) + rk(l — w) < £(r) + rk(l — r) (see 
the proof of flU Proposition 6]). Therefore, invoking part 2 of Theorem 12.41 for 7 
we have dim(7r(7)) = dim(7) = l{w^) + rk(l — w^) < £(^,^(7)) + i'k(l — w^(^)). 
Applying Theorem 12.41 to 71(7), we have the first statement. The second one is 
immediate from \l'o = ^pi^ and Theorem 12. 81 □ 

In the remainder of the paper we analyze the image of the restriction of \1/ to 
spherical unipotent conjugacy classes. 

By part 1 of Theorem l2.3l the image of the restriction of l to G_gp^ lies in W^. 
We observe that the map l can be defined in the same way for any conjugacy class. 
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Identifying a class in with its unique maximal length element, we may 
endow with a poset structure from the Bruhat order of W. Inclusion of Zariski 
closures induces a poset structure on the set of conjugacy classes in G and on G. 

We observe that if for some conjugacy classes 7, 7' we have 7 C 7', then 

^ Bm^B n 7 C Bm^B n 7 = 7 C y = BmyB fl 7' C BrnyB 

so < m^/ in the Bruhat order and i is order-preserving. 

By Theorem I2.3[ in zero or good and odd characteristic the image of the set 
of all spherical classes through l. is exactly W^. Let us analyze the situation for 
spherical unipotent conjugacy classes. 

Proposition 2.12 For every $ there is some p such that Lp{G^sph) W.m- 

Proof. The list of the maximal length representatives for all elements in 
is given in [7] in terms of subdiagrams of the Dynkin diagram, and it can be 
deduced from |fT9l . In zero or good and odd characteristic we have tpiG^pf^) = 
precisely in type An, n > 1; Dn, n > A; Eq, Ef, E^ (see (Jl Table 3], 
ll5l,[|7l Lemma 3.5]). From Proposition l2.1 H it follows that in these cases we have 
hi'^sph) = W-m ^Iso when p is a bad prime or p = 2. 

In type C„ (and Bn), n > 2, in characteristic 2 there are n + [|] non- 
trivial spherical unipotent conjugacy classes (see [9, 3.1.2]) and therefore we have 

In type F4, for p = 3 the poset of spherical unipotent conjugacy classes is the 
same as the corresponding poset in good characteristic, while for p = 2 we have 
^2{G^sph) = Km (see [9. Table 6, 7]). 

In type G2, for p = 2 the poset of spherical unipotent conjugacy classes is the 
same as the corresponding poset in good characteristic, while for p = 3 we have 
^3(G!,pJ = (see M Table 8, 9]). □ 

Corollary 2.13 The following are equivalent 
1. Lp{Gl)sph = Kmfor every p > 0; 

3. The restriction ofn to G^sph '■^ isomorphism onto G'^ for every p >0. 
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Proof. The equivalence of 1. and 2. is immediate from lq = ipvr. Let us assume 
1 . By bijectivity of lq and injectivity of ip we have 

\r^p \ < \W I = IC^ I 

li^sp/il — \ll—m\ li^sp/il 

SO injectivity of tt implies 3. Finally, Proposition l2. 121 shows that 3. implies 1. □ 



Remark 2.14 Let J be the set of subsets of A such that 

W^ = {W- wowj \JeJ}. 

We can identify with J' and the partial order on becomes reverse inclu- 
sion of subsets in J'. We observe that for J, K & J both J n K and J Li K are 
in J and therefore is a lattice. It can be proved by inspection that for every 
p the order-preserving map Lp, restricted to (7^^^^ is a poset isomorphism onto its 
image and that Gf_ ,^ is always a lattice. 



Theorem 2.15 The setW ^ is the set of conjugacy classes in W having maximum 
with respect to the Bruhat order. 

Proof. By Theorem [IJ (3) or by Proposition |2j2] if C lies in W^, then C = 
for some spherical conjugacy class in for some p. By Lemma IZ2l every w E C 
lies in so it must be less than or equal to w.y in the Bruhat ordering. Thus, the 
maximal length element in C is the sought maximum in C. Conversely, if C has 
maximum a with respect to the Bruhat ordering then a has maximal length in 
C. Hence, a is the unique maximal length element in C because for any r E C 
different from a we have i^r) < i(a). □ 



Remark 2.16 It was kindly suggested to us by A. Hultman that the statement of 
Theorem 12. 151 for arbitrary finite Coxeter groups follows from the observation in 
[[TTl p. 577]. Indeed, it is shown therein that for C E W_ and any w E C there 
exists some a of maximal length in C and a chain of simple reflections , . . . , Si^ 
satisfying 

(To = cr; (7j = Si^CFj^iSi^, cr^ = w 

and (.{aj) > i{aj+i) for j = 0, . . . , r. Now, if C G then C E W^^^ (see 
Il22l Thm. 8.7] for H3 and H4 or [12, CoroUary 3.2.14] for arbitrary finite Coxeter 
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groups). By [|24l Lemma 3.2] we have ^(cTj) = £{aj+i) if and only if aj = o-j+i, 
and if i{(Jj) > ^((Xj+i), we necessarily have i{crj) = + 2. This forces 

in the Bruhat order, so the unique maximal length element a is the sought maxi- 
mum in C. 

We point out that the main result in ifTTIl is based on a case-by-case analysis. 
On the other hand, surjectivity of l on also relies on the case-by-case analysis 
in This could be shortened by looking at the image through l of the classes of 
involutions (in the adjoint group) in [1251 Table 1] and using [12| only for the few 
missing cases. 

3 Acknowledgements 

The authors are indebted to Kei Yuen Chan for communicating the statement of 
Lemma [Z2l and to Axel Hultman for pointing out the content of Remark [2. 16[ 

References 

[1] A. Bjorner, F. Brenti, Combinatorics of Coxeter Groups, GTM 231, 
Springer- Verlag (2005). 

[2] N. Cantarini, G. Carnovale, M. Costantini, Spherical orbits and 
representations ofUs{g), Transformation Groups, 10, No. 1, 29-62 (2005). 

[3] G. Carnovale, Spherical conjugacy classes and involutions in the Weyl 
group, Math. Z. 260(1) 1-23 (2008). 

[4] G. Carnovale, Spherical conjugacy classes and the Bruhat decomposition, 
Ann. Inst. Fourier, Grenoble, 59(6) 2329-2357 (2009). 

[5] G. Carnovale, A classification of spherical conjugacy classes in good 
characteristic. Pacific Journal of Mathematics 245(1) 25-45 (2010). 

[6] R. W. Carter, Conjugacy classes in the Weyl group, Compositio Math. 25, 
1-59(1972). 



11 



[7] K. Y. Chan, J-H. Lu, S. K-M. To, On intersections of conjugacy classes 
and Bruhat cells, Transformation Groups 15(2), 243-260 (2010). 

[8] M. COSTANTINI, On the coordinate ring of spherical conjugacy classes, 
Math. Z. 264 327-359 (2010). 

[9] M. COSTANTINI, A classification of unipotent spherical conjugacy classes 
in bad characteristic. Trans. Amer. Math. Soc. 364(4) 19972019 (2012). 

[10] E. Ellers, N. Gordeev Intersection of conjugacy classes with Bruhat 
cells in Chevalley groups, Pacific J. Math. 214(2) 245-261 (2004). 

[11] M. Geck, S. Kim, G. Pfeiffer, Minimal length elements in twisted con- 
jugacy classes of finite Coxeter groups, J. Algebra 229(2), 570-600, (2000). 

[12] M. Geck, G. Pfeiffer, Characters of Finite Coxeter Groups and Iwahori- 
Hecke Algebras, London Mathematical Society Monographs, New Series 21, 
Oxford University Press, London, (2000). 

[13] T. J. Hodges, T. Levasseur, Primitive Ideals of Cq[SL{3)], Commun. 
Math. Phys. 156, 581-605 (1993). 

[14] D. Kazhdan, G. Lusztig, Fixed point varieties on qffine flag manifolds, 
Israel J. Math. 62(2) 129168 (1988). 

[15] N. Kawanaka, Unipotent elements and characters of finite CHevalley 
groups, Osaka J. Math. 12(2), 523-554 (1975). 

[16] J.-H. Lu, On a dimension formula for spherical twisted conjugacy classes 
in semisimple algebraic groups. Math. Z. 269(3-4) 11811188 (2011). 

[17] G. Lusztig, From conjugacy classes in the Weyl group to unipotent classes, 
Represent.Th. 15, 494-530 (2011). 

[18] G. Lusztig, From conjugacy classes in the Weyl group to unipotent classes, 
II, Represent.Th. 16, 189-211 (2012). 

[19] S. Perkins, P. Rowley, Minimal and maximal length involutions infinite 
Coxeter groups. Comm. Algebra 30(3), 1273-1292(2002). 

[20] S. Perkins, P. Rowley, Lengths of involutions in Coxeter groups. Journal 
of Lie Theory 14, 69-71, (2004). 



12 



[21] N. Spaltenstein, Classes Unipotentes et Sous-groupes de Borel, LNM 
946, Springer- Verlag, (1982). 

[22] T.A. Springer, Regular elements of finite reflection groups, Invent. Math. 
25, 159-178 (1974). 

[23] T.A. Springer, Trigonometric sums, Green fiinctions of finite groups and 
representations of Weyl groups. Invent. Math. 36, 173207 (1976). 

[24] T.A. Springer, Some results on algebraic groups with involutions. Alge- 
braic groups and related topics (Kyoto/Nagoya, 1983), 525-543, Adv. Stud. 
Pure Math., 6, North-Holland, Amsterdam, (1985). 

[25] T.A. Springer, The classification of involutions of simple algebraic 
groups, J. Fac. Sci. Univ. Tokyo Sect. lA, Math. 34, 655-670 (1987). 

[26] E. A. Vinberg; B. N. Kimel'fel'd, Homogeneous domains on flag 
manifolds and spherical subsets of semisimple Lie groups (Russian), Funkt- 
sional. Anal, i Prilozhen. 12(3), 1219, 96 (1978). 



13 



